Abstract. We study surfaces of revolution in the three dimensional Euclidean space R 3 with two distinct axes of revolution. As a result, we prove that if a connected surface in the three dimensional Euclidean space R 3 admits two distinct axes of revolution, then it is either a sphere or a plane.
Introduction
Spheres and planes are the most basic geometric objects in the theory of surfaces in the three dimensional Euclidean space R 3 . They are also members of the family of surfaces of revolution in R 3 . Most of all surfaces of revolution have just one axis of revolution, but spheres and planes admit two distinct (in fact, infinitely many) axes of revolution.
In this regards, it is natural to raise a question: "Are there any other surfaces of revolution with more than one axis?" In this note, we give a negative answer in an elementary manner as follows (cf. [1] , p.10):
Theorem A. Suppose that a connected surface M in the three dimensional Euclidean space R 3 admits two distinct axes of revolution. Then, M is either a sphere or a plane.
As a corollary of our theorem and a theorem in [2] (see also 
Surfaces of Revolution
We now give some well-known definitions; surfaces of revolution, axes of revolution, vertices on a surface of revolution, and normal sections of a surface. If a surface of revolution M is smooth, the tangent plane of M at p ∈ M is generated by the orthogonal pair of tangent lines of the parallel and the meridian through p. In particular, at a vertex p of M , the tangent plane of M at p is the plane passing through p and orthogonal to the corresponding axis.
But, in this note, surfaces of revolution need not be smooth. As the surfaces of revolution generated by revolving polygonal lines around an axis show, they might have many singularities. Now let M be a smooth surface in R 3 and let p be a point of M . Let t be a nonzero tangent vector at p and n the normal vector at p. The curve given by intersection of M and the plane through p spanned by t and n is called a normal section of M at p in the t direction ( [3] ).
Finally we introduce a characterization of a smooth surface of revolution in terms of normal sections through a fixed point, which is proved by an elementary calculation. For a fixed point p ∈ M , let Π be the plane passing through p and orthogonal to U. For any point q ∈ Π, let L be the straight line parallel to U and passing through the midpoint O of the segment pq. Since L is an axis of revolution of M and Π is the plane orthogonal to L and passing through p ∈ M , the parallel of M passing through p with respect to L is just the circle passing through p and q and centered at O. Hence q is contained in M . Thus M is nothing but the plane Π. This completes the proof of Theorem A.
Finally note that any axes of revolution of M can contain at most two vertices. Thus, Theorem A together with Theorem 3 implies Theorem B.
